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ON THE INNER AUTOMORPHISMS OF A SINGULAR FOLIATION
ALFONSO GARMENDIA AND ORI YUDILEVICH
Abstract. A singular foliation in the sense of Androulidakis and Skandalis is an invo-
lutive and locally finitely generated module of compactly supported vector fields on a
manifold. An automorphism of a singular foliation is a diffeomorphism that preserves
the module. In this note, we give a proof of the (surprisingly non-trivial) fundamental
fact that the time-one flow of an element of a singular foliation (i.e. its exponential) is an
automorphism of the singular foliation. This fact was previously proven in [1] using an
infinite dimensional argument (involving differential operators), and the purpose of this
note is to complement that proof with a finite dimensional proof in which the problem
is reduced to solving an elementary ODE.
1. Introduction
A singular foliation on a manifold M , in the sense of Androulidakis and Skandalis [1],
is a C∞(M)-module of compactly supported vector fields on M that is involutive and
locally finitely generated. By the Stefan-Sussmann Theorem, such a module gives rise to a
smooth partition of the manifold by immersed submanifolds of possibly varying dimension.
However, a given partition may arise from different modules, and the precise choice of a
module can be viewed as extra data that encodes the “dynamics” along the leaves of the
partition. Lie algebra actions on a manifold, and, more generally, Lie algebroids, are an
important source of examples of singular foliations in this sense (simply apply the anchor
of the Lie algebroid to its module of compactly supported sections).
An automorphism of a singular foliation is a diffeomorphism that pushes forward the
module to itself. In [1] (Proposition 1.6), it was proven that the time one flow of an element
of a singular foliation is an automorphism of the foliation – an inner automorphism. This
fact is fundamental in the theory. It underlies the construction carried out in [1] of the
so-called holonomy groupoid that is canonically associated with any singular foliation, or,
more precisely, it is used in the construction of a bi-submersion – the basic building block of
the holonomy groupoid – out of any given finite set of local generators (see Proposition 2.10
(a) in [1]). The proof given in [1] of this fact is of an analytic nature (using the exponential
of a certain differential operator), and the purpose of this note is to complement that proof
with a “finite dimensional” proof in which the problem is reduced to solving an elementary
ODE.
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2. Basic Definitions
We denote the ring of smooth functions on a manifold M by C∞(M) and the C∞(M)-
module of vector fields on M by X(M). The support of a function f ∈ C∞(M) is denoted
by supp(f) and, similarly, of a vector field X ∈ X(M) by supp(X) ⊂ M . We denote the
ring of compactly supported smooth functions by C∞c (M). Our main object of interest is
the C∞(M)-module of compactly supported vector fields on M (a submodule of X (M))
and its submodules
F ⊂ Xc(M).
Let U ⊂M be an open subset. Viewing the C∞(U)-module Xc(U) as a subset of Xc(M)
(by extension by zero), we may define the restriction to U of a submodule F ⊂ Xc(M) as
the submodule
FU := F ∩ Xc(U) ⊂ Xc(U).
Equivalently, FU = C
∞
c (U)F , where the inclusion C
∞
c (U)F ⊂ F ∩ Xc(U) is clear, and the
reverse inclusion follows from the fact that for any X ∈ Xc(U) we can find f ∈ C
∞
c (U) such
that f |supp(X) = 1, and hence X = fX .
A submodule F ⊂ Xc(M) is finitely generated if there exists a finite set of vector
fields Y 1, ..., Y r ∈ X(M), called generators, such that
F = 〈Y 1, ..., Y r〉C∞
c
(M),
i.e. F is the C∞c (M)-linear span of the generators. Note that the generators of F are not
required to be in F and their support is not necessarily compact. A submodule F ⊂ Xc(M)
is locally finitely generated if every point x ∈M has a neighborhood U ⊂M such that
FU is finitely generated. We will need the following useful lemma:
Lemma 2.1. Let F ⊂ Xc(M) be a submodule.
(a) If F is finitely generated, then FU is finitely generated for all open subsets U ⊂M .
(b) If U, V ⊂ M are open subsets such that FU and FV are finitely generated, then FU∪V
is finitely generated.
(c) F is locally finitely generated if and only if, for all ρ ∈ C∞c (M), the submodule
ρF := {ρX | X ∈ F} ⊂ Xc(M)
is finitely generated.
Proof. (a) Using that FU = C
∞
c (U)F , one easily sees that that the restrictions of generators
of F to U are generators of FU .
(b) Let X1, ..., Xr ∈ X(U) be generators of FU and Y
1, ..., Y s ∈ X(V ) of FV , and choose
a partition of unity {ρU , ρV } subordinate to the open cover {U, V } of U ∪V . We show that
ρUX
1, ..., ρUX
r, ρV Y
1, ..., ρV Y
s ∈ X(U ∪V ) (or rather their extension by zero to U ∪V ) are
generators of FU∪V , i.e. that FU∪V is equal to the C
∞
c (U∪V )-linear span of the generators.
On the one hand, if f ∈ C∞c (U ∪ V ) then fρU ∈ C
∞
c (U), since supp(fρU ) = supp(f) ∩
supp(ρU ) and a closed subset of a compact set is compact. Similarly, fρV ∈ C
∞
c (V ). Thus,
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using that FU ⊂ FU∪V and FV ⊂ FU∪V , we see that any C
∞
c (U ∪ V )-linear combination
of the generators is an element of FU∪V .
On the other hand, let Z ∈ FU∪V and write Z = ρUZ + ρV Z. For the reason explained
above, ρUZ ∈ Xc(U) and ρV Z ∈ Xc(V ). Choose functions λU ∈ C
∞
c (U) and λV ∈ C
∞
c (V )
such that λU |supp(ρUX) = 1 and λV |supp(ρVX) = 1, we have that Z = ρUλUZ + ρV λV Z.
Finally, λUZ =
∑r
i=1 fiX
i for some f i ∈ C∞c (U) and λV Z =
∑s
i=1 giY
i for some gi ∈
C∞c (V ), and so
Z =
r∑
i=1
fi ρUX
i +
s∑
i=1
gi ρUY
i.
(c) We begin with the forward implication. Let ρ ∈ C∞c (M). There exists an open subset
U ⊂ M containing supp(ρ) such that FU is finitely generated, namely we may choose a
finite covering of supp(ρ) by open subsets U1, ..., Ur such that all restrictions FUi are finitely
generated and then apply part (b) a finite number of times to conclude that FU1∪...∪Ur is
finitely generated. It is now easy to see that ρF = ρFU and hence ρF is finitely generated.
For the reverse implication, given x ∈M , we may construct an open neighborhood U of
x and a ρ ∈ C∞c (M) such that ρ|U = 1, and we immediately see that FU = ρ(FU ) = (ρF)U ,
which is finitely generated by part (a). 
Definition 2.2. A singular foliation on a manifold M (in the sense of Androulidakis
and Skandalis [1]) is a locally finitely generated submodule F ⊂ Xc(M) that is involutive,
i.e. [F ,F ] ⊂ F .
3. Inner Automorphisms are Automorphisms
Let F be a singular foliation on M , and let us denote the automorphism group of F
by
Aut(F) := { ϕ ∈ Diff(M) | ϕ∗(F) = F }.
Note that ϕ ∈ Aut(F) is an automorphism in the sense of C∞(M)-modules when viewed
as the pair ((ϕ−1)∗, ϕ∗) consisting of the ring morphism (ϕ
−1)∗ : C∞(M) → C∞(M) and
the module morphism ϕ∗ : F → F , since ϕ∗(fX) = (ϕ
−1)∗(f)ϕ∗(X) for all X ∈ F , f ∈
C∞(M).
Due to the compact support, any element X ∈ F is a complete vector field (i.e. its flow is
defined for all times), and hence, denoting its flow by ϕtX , we may define the exponential
map exp : F → Diff(M) by
exp(X) := ϕ1X .
We now turn to the main objective of this paper, a proof of the following (surprisingly
non-trivial) fact:
Proposition 3.1 (Proposition 1.6 of [1]). Let F be a singular foliation on M . Then,
exp(F) ⊂ Aut(F).
Proof. We need to show that (ϕ1X)∗(Y ) ∈ F for all X,Y ∈ F . Indeed, this implies that
(ϕ1X)∗(F) ⊂ F , and since X ∈ F ⇒ −X ∈ F and (ϕ
1
X)∗((ϕ
1
−X)∗(Y )) = Y , also that
(ϕ1X)∗(F) = F .
Let then X,Y ∈ F and let us shorten the notation for the flow of X to ϕt = ϕtX . Since
supp(X) ⊂M is compact, there exists a precompact open neighborhood U of supp(X) inM .
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Let {ρU , ρV } be a partition of unity subordinate to the open cover {U, V := M\supp(X)}
ofM . Since U is precompact, ρU has compact support, and hence ρUF is finitely generated
by part (c) of Lemma 2.1. Fixing generators Y 1, ..., Y N ∈ X(U) of ρUF , we may write
Y = ρUY + ρV Y =
N∑
i=1
fiY
i + ρV Y,
for some fi ∈ C
∞
c (U). Now, since ϕ
t
∣∣
M\supp(X)
= Id for all t and hence (ϕ1)∗(ρV Y ) = ρV Y ,
we see that the problem is reduced to showing that (ϕ1)∗(Y
i) =
∑
j f
i
jY
j , for some functions
f ij ∈ C
∞(U). To this end, we compute the following:
d
dt
((ϕt)∗Y
i)x =
d
dt
(ϕt)∗Y
i
ϕ−t(x)
= −
d
ds
∣∣∣
s=0
(ϕt−s)∗Y
i
ϕ−t+s(x)
= −(ϕt)∗
d
ds
∣∣∣
s=0
(ϕ−s)∗Y
i
ϕs(ϕ−t(x))
= (ϕt)∗[Y
i, X ]ϕ−t(x).
We claim that [Y i, X ] ∈ FU . Indeed, choosing λ ∈ C
∞
c (U) that is 1 on supp(X), we have
[Y i, X ] = [Y i, λX ] = Y i(λ)X + λ[Y i, X ] = Y i(λ)X + [λY i, X ] ∈ FU , where we used that
X(λ) = 0, X ∈ FU and F is involutive. Hence, we can write [Y
i, X ] =
∑
j γ
i
jY
j for some
functions γij ∈ C
∞
c (M). We thus have:
d
dt
(ϕt)∗Y
i
ϕ−t(x) =
N∑
j=1
γij(ϕ
−t(x))(ϕt)∗Y
j
ϕ−t(x).
Now, for a fixed x ∈ M , this is a system of N equations indexed by i, each an equality of
curves in TxM . Fixing a basis of TxM , every component is a linear first ordinary partial
differential equation of the type v˙(t) = A(t)v(t), with v : I → RN and A : I → End(RN ),
and its solution is given by v(t) = e
∫
t
0
A(ǫ)dǫv(0). Thus, writing γ for the N × N matrix
whose entries are γij , we have at t = 1 that:
((ϕ1)∗Y
i)x = (ϕ
1)∗Y
i
ϕ−1(x) =
N∑
j=1
(e
∫
1
0
γ(ϕ−ǫ(x))dǫ)ijY
j
x ,
where the exponential is the exponential of N ×N matrices. Clearly, the coefficients of Y jx
in the final expression are smooth functions of x, and hence we are done. As a bonus, we
have also obtained an explicit formula for (ϕ1)∗Y
i in terms of the bracket of the Y i’s with
X (which is encoded in the γ matrices). 
Remark 3.2. The above proof is essentially the proof of the fact that if a smooth (but
possibly singular) distribution is involutive and its rank is constant along integral paths of
its sections, then it is homogeneous, in the sense that the flow of any of its sections preserves
the distribution (see e.g. Theorem 3.5.10 in [2]). To adapt the proof of this fact to our
proposition, one has to add the argument that the solution of the ODE one is solving is
smooth with respect to the base point (i.e. the initial condition). However, the proof we
give above goes a step further by giving an explicit formula in which the smoothness with
respect to the base point is evident.
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